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* No polynomial-ﬁme a[gorithm for coloring a gvaph using ni=
unless NP=P (F'Lege, Ki”ian,].Comp’gS ; Zuckerman, ToC'o7).
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Approximate Loloring Problems

* Given a 3-colorable gvaph ﬁnd a co[oving with minimum number of
colors.

* Given a 2-colorable 3—uniform hypergvap h ﬁnd a coloring with
minimum number of colors.



Approximate LU Coloring of a Hypergraph

* Given a hypergvaph assign each vertex a color ﬁrom a l'mearly ordered
set of colors so that each edge has a unique maxtmum.
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Approximate LU Coloring of a Hypergraph

* Given a hypergvaph assign each vertex a color ﬁrom {1,2,3, ...} so that
each edge has a unique maxtmum.

* Given a 2-LO colorable 3—un'fo1fm hypergvaph ﬁnd a Cco or'mg using
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Why look at LU Coloring of a Hyperqraph

Promise Constraint
* Approximate coloring problems === Satisfaction Problems
(PCSPs).

* Barto, Battistelli, and Berg [STACS'21]:

an almost complete characterization of the tractability for PCSPs 3-
vmiform hypergraph with 2 colors under various notions of colov'mg.

°*1.0 coloring was the only gap in their characterization.
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Results for /-L0 colorable 3-uniform hypergraphs

* Previous Result (Nakajima, Zivn}’/—TCT’QQ): LO coloring using at most
0 (n'/3) colors.

* Our result: LO coloring using at most O (n!/>).

* Concurrent Work (Héstad, Martinsson, Nakzy' Ima, Zivn)?-APPROX’24):

LO coloring using at most 2log, n colors.
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Background: 3Ps

o Semideﬁni’ce Programing (SDP) problems are optimization problems:
* Objective: linear

* Constraints: (a) linear constraints (b)psd-ness constraint.

Example:
maxz: Cijxl'j
L,j
z aijkxl-j = bk Vk

LJ
X = (xij) =0



Background: V/Ps

* Vector Programing (VP) prob[ems are optimization pvololems involving
n-dimensional vectors.
* Ob jective: linear in 'mner—pvoduc‘cs

e Constraints: linear in the inner—pvoduct

Example: max z ¢ij{vi, vj)
L,J
z aijk (vi,vj) = bk Vk
L,J

v e R



Background: »UP and VP

® Fact: VPs and SDPs are equivalent
® |t is easier to deal with VPs.

* VPs ave referred to as SDPs as well.



Proof” of the resul



nteger Program for Z-LU colorable hypergraphs

Mapping the colors 1 — —1and 2 — 1 we get:
Xi+Xj+Xk=—1 V{i,j,k}EE

Xi (S {—1,+1} VieV



3P relaxation for 2-LU colorable hypergraphs

vi+vj+vk=—v0 V{i,j,k}EE

lv;]I> =1 Vi € V U {0}

v; € Rt Vi € V U {0}



3P relaxation for Z-LU colorable hypergraphs

vi+vj+vk = —Vp
lvil* =1
Uj <
(0 =~

v{i,j,k} € E

Vi € V U{0)
Vi € V U {0}



3P relaxation for Z-LU colorable hypergraphs

vi+vj+vk=—v0 V{l,],k}EE
lv;]I? =1 Vi € V U {0}
v; € R Vi € V U {0}




oloring by Finding Independent Jets

* Most co[onng algon’chms proeeed on i‘cevative(y co[onng a ‘lavge’
independent set.

* For hypergmp hs, there are possib ly many ways to deﬁne independent

set.

* The standard notion of independent set fov hypevgmp hs is not usefbd

neve.



Jdd and tven Independent Jets

* For LO co[onng the fo“owing notion of independent sets (s useful.

* Odd independent set: S € V is an odd independent set if [S N e| < 1
for each edge e.

* Even independent set: S € V is an even independent set if |S N e| €
{0, 2} for each edge e.



Lombinatorial Rounding

* The ideal solution of the SDP would be 1-dimensional.

* The values Y, = (Vg, Vo) contain a lot of information about the color

that can be assigned to a if |y, | = 1.



ey Ubservations

* Observation1.1f {a, b, c} is an edge, theny, + yp + v, = —1.

* Observation 2. For each vertex a, we have |y,| < 1.
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ey Ubservations

* Observation1.1f {a, b, c} is an edge, theny, + yp + v, = —1.
° Proof. Take innev—product of v, and the both sides of the equation
Vi + Uj + Vi = —Vp.

* Observation 2. For each vertex a, we have |y,| < 1.

* Proof. Cauchy-Schwarz!!
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First [teration

* Theset vV \ S, is an odd independent set.



First [teration

* Theset vV \ S, is an odd independent set.

* Use the lavgest color to color it.
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Second lteration

Sy S51\S;2

* The set S, \ S, is an odd independent set in the nypevgmpn induced on Sy.



Second lteration

Sy S51\S;2

* The set S, \ S, is an odd independent set in the hypergvapn induced on Sy.

* Use the second [avgest color to color it



And so on..



Ihe performance quarantes

* We have [; = [—g — &, _é ;l- &| and corresponding set 5 =

la EV]y, € [;}withg; = 1



Ihe performance quarantes

* We have I; = [—g — &j, —g ;l- &;] and corresponding set S; =

la EV]y, € [;}withg; = 1

° Aﬁer O(log 1/¢) all the vertices remaining have y ~ — §



Handling the balanced case

* We used standard Hyperp lane Vounding for the balanced case to obtain
our result.
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Handling the balanced case

* We used standard Hyperp lane Vounding for the balanced case to obtain
our result.

*°A (slight) random pevtwbaﬁon to the remaining vectors +
combinatorial rounding = O(logn) coloring.



yome interesting directions

* Can the known methods be genemﬁzed to k-LO colorable 3~uniform
hypergraphs?



yome interesting directions

* Can the known methods be generalized to k-LO colorable 3~unifovm
hypergraphs?

* Can the known methods be generalized to 2-LO colorable V—uny?orm

hyp ergrap hs?



Uuestions!



[hanks
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